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A model for the small-scale structure of turbulence is reformulated in such a way that it may be conveniently computed.
The model is an ensemble of randomly oriented structured two dimensional vortices stretched by an axially symmetric strain flow. The energy spectrum of the resulting flow may be expressed as a time integral involving only the enstrophy spectrum of the time evolving two-dimensional cross section flow, which may be obtained numerically. Examples are given in which a k -5/a spectrum is obtained by this method without using large wavenumber asymptotic analysis.
The k -_/a inertial range spectrum is "shown to be related to the existence of a self-similar enstrophy preserving range in the two-dimensional enstrophy spectrum.
The results are insensitive to time dependence of the strain-rate, including even intermittent on-or-off strains.
Introduction
One of the issues in turbulence theory is to understand what kinds of elementary flow structures are responsible for the part of the turbulent energy spectrum described by Kolmogorov's celebrated k -5/3 law. A number of years ago, Lundgren (1982) proposed a model of the small scale structure of turbulence which gives this spectrum.
The model was put together as an ensemble of randomly oriented vortices with spiral structure, each vortex being subjected to an axially symmetric irrotational straining field. The strain was made constant and axially symmetric for analytical reasons and this should be thought of as a representation of much more complicated strains.
The idea was to model the most important property of turbulence, namely the mixing property which causes fluid particles to rapidly separate, stretching vortex blobs into elongated tubes. This model generalizes an earlier model by Townsend (1951) which assumed randomly oriented Burgers vortices and gave a k -1 spectrum.
Differential rotation in the vortices (the inner part has higher angular velocity therefore winds faster) causes the vortex layers in the spiral to tighten, and the axial straining decreases the cross section of the structure. These mechanisms cause a cascade to smaller scales which differs from the traditional concept of a cascade through eddies of different sizes induced by instabilities. Many turbulent flows have distinct two dimensional vortices, and often flow visualization by laser-induced-fluorescence or smoke shows vortex cross sections with some spiral structure.
Such structures may be seen in sections 4 and 6 of Van
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Dyke's (1982) book. Schwarz (1990) identified intermittently occurring layered vortex sheets (apparently spirals) in oscillating grid turbulence by flow visualization with small suspended crystalline platelets. On the other hand, the numerically simulated periodic box turbulence of Vincent and Meneguzzi (1991) contains very pronounced two-dimensional vortices in which very little internal structure can be seen.
(However, there is some spiral structure in their figure 15.) Perhaps the Reynolds number is too small in this kind of flow.
A number of authors have made further studies based on the original paper by Lundgren.
In particular, Lundgren (1985) applied the model to the calculation of the scalar spectrum of the product of a fast chemical reaction. Gilbert (1988) used similar ideas for the study of two-dimensional turbulence. Buntine and Pullin (1988) and Pullin and Buntine (1989) used the model as a basis for computations of spectra produced by the merger of vortices. Pullin and Saifman (1992) used it to calculate vorticity and velocity derivative moments for homogeneous isotropic turbulence.
Recently, Gilbert (1992) has produced a qualitative cascade argument based on the model to explain the Kolmogorov spectrum.
In section 2, the model is reformulated in such a way that the two-dimensional part of the model, the spiral flow or some more general two-dimensional vortical flow, may be conveniently carried out numerically.
In section 3 numerical computations of two-dimensional flows are used to generate three-dimensional energy spectra.
Reformulation of the spiral vortex model
It will be useful to separate the strictly two-dimensional part of the model, the flow in the cross section of the vortex, from the straining part of the model which is performed by a transformation.
The 1982 paper will be referred to as L and equations from that paper will be referred to by L:(). It was shown in L that if a two-dimensional flow with vorticity given by w2(x, y, t) is placed in an axially symmetric strain flow with velocity components (-.hax, -.hay, az) where the strainrate a may be a function of time, then the vorticity in the resulting three-dimensional flow (which has the same initial vorticity as the two-dimensional flow) is given by
w(x,y,t) = S(t) w2 (S(t) '/2 x,S(t)'/2y,T(t))
where is the amount the flow is stretched and
is a strained time. The energy spectrum of an ensemble of strained vortices of all ages, accounting for the greater length of the older vortices, may be deduced from L:(58), L:(75) and L:(76) and expressed, in a new form, by is the appropriate function.
In appendix A, it is shown by example that, even when the strain-rate is variable and quite different from constant, the stretching function is roughly a linear function of the strained time and the energy spectrum computed from Eq.(2.4) is insensitive to these modest deviations from linearity. In Eq.(2.4), the function F2 is all that is needed from the two-dimensional flow, and it may be specified numerically or analytically. The time integral represents the effect of stretching.
The finite time cut-off on the integral is to prevent the vortices from being stretched indefinitely. It was assumed in L that they ultimately coalesce into shorter vortices and renew the spiral structure.
In L an analytical spiral vortex solution was developed. An approximate solution of the two-dimensional Navier-Stokes equation was given in the form of a Fourier series in the cylindrical angle variable 0,
where the functions f, are arbitrary and the angular velocity Q(r) is related to the average vorticity w0 by r (2.10)
The function 9/(r) must be monotone decreasing -the property which gives differential rotation.
If the functions fn are all the same (independent of n) the solution looks like a spiraling vortex sheet in the inviscid limit. The approximations in Eq.(2.8) require that t must be large, i.e., the error becomes small as t -_ oc. However, it will be seen numerically that it is quite good even for fairly small t.
By using this analytical solution, the enstrophy function F2 may be expressed as a series of integrals which involve Bessel functions.
These may be evaluated by the method of stationary phase, which requires both k and t to be large, an asymptotic result which may be written
where
The last equation results from the method of stationary phase.
One is supposed to solve this for r, and substitute it into Eq.(2.12). Note that r, is a function of k/t, hence the form of the argument of the function G. In writing this result, the contribution from the n = 0 term has been omitted. This term has a different functional dependence and was shown in L to contribute little at high wavenumber. Equation (2.11) does not appear in L but may be deduced from L:(66) and L:(64) (with S -= 1 and P -t).
It is the functional form of Eq.(2.11) which is important. First note that the functions f,, are assumed to be of limited extent so that the spiral is restricted to a halo around a central vortex.
Then the function F2 looks like a localized hump when plotted versus wavenumber (this will be clear when some computations are seen). If the viscous factor can be neglected, the area under the hump stays constant because f0°-(2.14)
The similarity form of the function shows that the top of the hump moves to higher wavenumber with constant speed, while the width broadens and the peak decreases in such a way that the area stays constant. This is an enstrophy preserving temporal cascade. The physics is clear: as the spiral turns tighten due to differential rotation, the enstrophy shifts to higher wavenumber while being conserved. The function F2 given by Eq.(2.11) is only part of the enstrophy spectrum. There is an additional large part at low wave number (the n = 0 term which was omitted). If viscosity is neglected, the total enstrophy is preserved, i.e., fw_dA
What has been shown here is that the spiral solution has scale separation of the enstrophy spectrum into two distinct peaks, and the enstrophy of each of these parts is independently preserved. The energy spectrum expression given by Eq.(2.4) could also have been cast in terms of the two-dimensional energy spectrum, E2 say. For the spiral solution, E2 also has scale separation into a large low wavenumber peak and a secondary smaller (much smaller because of the k -2 factor) high wave number peak with a similarity structure.
While the total energy is conserved (in the absence of viscosity), the energy in the separate peaks is not. The energy in the high wavenumber peak decreases like t -2, giving up this energy to the low wavenumber peak. This enstrophy preserving similarity form is responsible for the k -5/3 part of the 
This was also noted by Gilbert (1988) and is consistent with Townsend's (1951) observation that a k -2 spectrum results from random arrays of vortex sheets. The conclusion to be drawn is that the axial straining gives the extra k 1/3. 
Computations
The formula expressed by Eq.(2.4) makes it possible to test some of the analytical limitations of the spiral vortex model, since the two-dimensional enstrophy spectrum may be computed from numerical solutions of the two-dimensional NavierStokes equations rather than depending entirely on asymptotic methods. Further, one can use more general two-dimensional solutions. Buntine and Pullin (1988) and Pullin and Buntine (1989) (r, 8, t) (b)
where F is tile circulation of the vortex, a is a radial dimension and h is a constant.
If 0 < h < 1, fl(r) will be monotone decreasing.
In dimensionless form P = 1, a = 1, v is the reciprocal of the Reynolds number and in these computations h = 1/2 . 
See caption below. 
See caption below.
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The first series, displayed in figures 1.1-1.6, is computed from the analytical .
is not perfect but is qualitatively recognizable.
As time increases, one can see the number of turns in the spiral increase due to differential rotation and the peak in the enstrophy spectrum move outward to larger wavenumber as the spatial scale in the spiral decreases. 
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,.A, .) The strain-rate was taken to be unity. Tile low wavenumber end of the spectrum was suppressed by cutting off the integration when S(T)-I/2k is less than 5, thus avoiding the large low wavenumber enstrophy peak. The result in figure 1.6 has a wavenumber range from about 60 to 120 where _q 0_0 0.0 tgnn FIGURE 3.7. k5/3 times the three dimensional energy spectrum calculated by using Eq.(2.4) with the solution depicted in figures 3.1-3.6.
the spectrum is approximately k -513. Note that since 21/3 _'2 1.26, one should be able to tell the difference between k -5/3 and k -2 on this figure.
The second series of computations, seen in figures 2.1-2.6, are presented in the same format as the first series. The Navier-Stokes equations were solved numerically with initial conditions the same as the initial frame of the first series. Here the object is to show that the analytical spiral solution is a good approximation to the NavierStokes equations even though time (tspiral) is not large enough at the beginning for the spiral to have many turns. Comparing the two series of computations, one can see that the results are quite close but not identical.
In particular the enstrophy spectrum of the second series is smoother and more compact. The energy spectrum is very similar but perhaps slightly tipped toward k -2.
A third series of computations has been carried out with quite different initial conditions with the objective of producing a spiral solution without actually starting with one. The vorticity distribution at the initial time is shown in figure 3.1. One large vortex, with radius 1.5, almost uniform vorticity and circulation .6 is surrounded by 10 smaller vortices with centers 2 units from the center of the large vortex.
Each of these smaller vortices have radii .3 units and circulation .04 so that the total circulation of the configuration is unity. The Reynolds number was F/u = 100,000.
The smaller vortices get sheared into bands of vorticity which continue to tighten in the differential rotation of the combined vorticity. The result is a multilayered spiral vortex with a decent enstrophy cascade. Similarity is approximately satisfied; comparing the enstrophy spectrum at t = 50 with that at t = 100, the amplitude is almost half and the peaks have moved approximately to twice the wavenumbers as required by similarity. However, comparison of t = 100 with t = 200 is not quite as satisfactory.
The energy spectrum in figure 3.7 has a short k -sD range from about k = 36 to k = 72 and then falls off faster. The viscous factor in Eq.(2.15), which is about .9 when k = 120, is not small enough to account for all of the observed decrease. has average value unity and periodic variations of 4-50%. During each successive period, the stretch increases by a factor e. These functions have been computed (by solving the pair of differential equations dS/dt = aS, dT/dt = S) and presented as S vs. T in figure 4a . The relationship is roughly linear. This function was used in Eq.(2.4) to compute the energy spectrum using the analytical spiral solution with the same set-up as for the "series one" computations.
The resulting energy spectrum in figure 4b is almost identical with that in figure 1.6 which had constant strain-rate. Therefore, it appears that the spectral results are insensitive to moderate variations in strain-rate.
A more extreme intermittent case was tried in which there are alternating periods of positive strain-rate and zero strain-rate. The function used was a(t) = 1 + (-1) i"t(2`)
where the function "int" truncates the decimal part of a number. This strain-rate function has the same period as Eq.(A3) and the same average value. Alternating half-periods have a = 2 or a = 0. The S vs. T result in figure 4c is still very roughly linear, and the energy spectrum still has the same range of k -5/a.
As one increases the frequency of the strain-rate function, the relationship between S and T will become more nearly linear and will have little effect on the spectral result. Lower frequencies could have an effect. In the extreme case of very long on and off periods, one would get either k -5/3 or k -r, depending on which period comes first.
